Abstract. We discuss, in an investigation based on Vlasov equation, the properties of the isovector modes in nuclear matter and atomic nuclei in relation with the symmetry energy. We obtain numerically the dipole response and determine the strength function for various systems, including a chain of Sn isotopes. We consider for the symmetry energy three parametrizations with density providing similar values at saturation but which manifest very different slopes around this point. In this way we can explore how the slope affects the collective response of finite nuclear systems. We focus first on the dipole polarizability and show that while the model is able to describe the expected mass dependence, A 5/3 , it also demonstrates that this quantity is sensitive to the slope parameter of the symmetry energy. Then, by considering the Sn isotopic chain, we investigate the emergence of a collective mode, the Pygmy Dipole Resonance (PDR), when the number of neutrons in excess increases. We show that the total energy-weighted sum rule exhausted by this mode has a linear dependence with the square of isospin I = (N − Z)/A, again sensitive to the slope of the symmetry energy with density. Therefore the polarization effects in the isovector density have to play an important role in the dynamics of PDR. These results provide additional hints in the investigations aiming to extract the properties of symmetry energy below saturation.
Introduction
After the early applications to the study of collisionless stellar dynamics [1] and in the context of plasma physics [2, 3] , the Vlasov equation has also proved to be very useful in the investigation of the fermionic systems too, as are the atomic nuclei [4, 5, 6, 7] , the electrons in atomic clusters [8, 9] or ultrafast electrons in thin metal films [10, 11] . For these quantum systems the Vlasov equation appears as a semiclassical limit of the quantum dynamics. In the field of nuclear physics, in many situations, the full quantum treatment is very involved and sometimes a clear physical picture can be difficult to extract. The passage to a semi-classical approach leads to simplifications and can provide a more transparent interpretation of the studied processes. Of course, the price to pay for this transition is the missing of important quantum correlations. However, as a reverse of the medal, such an approach may help to distinguish the role of various quantum effects. In the context of nuclear physics the quantum dynamics at the level of mean-field approximation is described by the time-dependent Hartree-Fock (TDHF) equation for the one-body density matrix ρ:
where h MF (ρ) is the single-particle Hartree-Fock Hamiltonian. Working with the density matrix in the position representation, ρ r ′ r ′′ , the Wigner transform defined as a kind of Fourier transform, is introduced:
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The exact equation satisfied by f (r, p, t), equivalent with TDHF, is:
where h(r, p) is the Wigner transformation of the h MF (ρ). This corresponds to a formulation of quantum mechanics in phase-space [12] , where the dynamics is described in terms of Moyal brackets instead of Poisson brackets, and represents an appropriate starting point for modeling quantum plasmas [13] . In the limith → 0, the Moyal bracket reduces to Poisson bracket and for a self-consistent mean-field approximated by a local one, we obtain the Vlasov equation :
(4) In the semi-classical limit the quantum effects manifest through the Pauli correlations contained in the distribution function. These are included already from the initial conditions, since the Fermi-Dirac statistics should characterize the initial distribution of the fermions.
The purpose of this work is to describe recent applications of this equation to the study of collective features in two-components systems by focusing on some new properties of the Pygmy Dipole Resonance, a collective motion evidenced experimentally in nuclei with neutrons in excess. For a minimal self-consistency of the presentation, we shall start with a description of some known but fundamental results concerning the Vlasov dynamics in nuclear systems. This allows us to introduce the basic definitions and concepts required to characterize the nuclear systems and also will provide a reference for the results obtained later numerically. Then we describe the numerical implementation of the Vlasov equation to the nuclear dynamics and study in detail the dipole response by employing three different parametrization with density of the symmetry energy. We determine the strength function and investigate the mass and isospin dependence of the polarizability and of the sum-rule exhausted by PDR.
Isovector modes in nuclear matter
In the present section we describe the Vlasov approach to the collective dynamics of nuclear matter. This is a two component system and therefore the semi-classical dynamics is determined by two coupled Vlasov equations:
The nuclear mean-field contains an isoscalar as well as an isovector part and here we adopt a Skyrme-like (SKM * ) parametrization with nucleons density ρ = ρ n + ρ p :
Here ρ n (r) (ρ p (r)) is the neutron (proton) local density and τ n (τ p ) = +1(−1). The saturation properties of the symmetric nuclear matter, the density ρ 0 = 0.16f m −3 , the binding energy E/A = −16M eV and a compressibility modulus K = 200M eV , are reproduced with the values for the coefficients A = −356M eV , B = 303M eV , α = 1/6. In the expression of total energy per particle,
the quantity depending on the isospin parameter I = N − Z A , define the symmetry energy of the system. Since the dipole response is determined by the symmetry energy term, containing both a kinetic and a potential contribution:
with E F being the Fermi energy, we shall consider three different parametrizations with density of C(ρ). We selected those parametrizations which provide quite similar values of E sym /A at saturation but manifest very different slopes around this point, see Fig. 1 . Specifically, for asystiff EOS, the coefficient C(ρ) is constant, C(ρ) = 32M eV . Then the symmetry energy at saturation is E sym /A = 28.3M eV and the slope parameter
takes the value L = 72M eV . For the asysoft case we have:
which leads to a quite small value of the slope parameter L = 14.4M eV . For the asysuperstiff EOS,
the symmetry term has a faster variation around saturation density with a slope parameter L = 96.6M eV .
To study the collective modes of nuclear matter we consider small deviations of the distribution functions from equilibrium: 
For the Skyrme-like parametrization of the mean-field potentials for protons and neutrons (see Eqs. (7)) one has:
Then the isovector variation δf = δf p − δf n , satisfy the equation:
where
Searching for a plane-wave solution:
one can arrive, with s = ω k v F , at the dispersion relation:
The isovector collective mode velocity ω k will depend now on the symmetry energy through the value of the parameter C. For C = 32 MeV the solution is s = ω k v F ≈ 1.08.
The isovector zero sound mode in nuclear matter is a quantum collective motion different from the hydrodynamical (or first sound) mode. While the first sound is driven by the pressure gradient, and so, requires the local thermodynamical equilibrium, the zero sound is determined by the mean-field and therefore propagates even at T = 0M eV . In finite nuclei, this isovector zero sound mode will correspond to the Giant Dipole Resonance. Considering a wavenumber k determined by the size of the Tin isotope 132 Sn, the energy of the GDR phonon would be expected around h ω ≈ 15 MeV, quite close to the experimental results. In the next section we investigate numerically the dynamics of this mode in finite systems and study its evolution with the number of excess neutrons N − Z by considering a chain of Sn isotopes, 108,116,124,132,140,148 Sn. We would like complete this general presentation mentioning that similar investigations can be extended to the study of instabilities in nuclear matter [14] . Moreover, if the present treatment is completed by adding a collision term in the relaxation time approximation, the nature of the zero to first sound transition in binary Fermi liquids can be explored [15, 16] .
3 Giant and Pygmy Dipole Resonances in neutron rich nuclei
Numerical implementation and static properties
The essential task of the transport approach based on Vlasov equation is to provide the value of the one-body distribution function at any time. Once this quantity is known, the expectation values of any one-body observable, A(r, p), can be evaluated as an integral over phase-space. In particular, the total number of protons, Z, is:
The numerical approach employed in our work is based on test particle method. This method starts from the observation that the Gaussian functions generate, as coherent states, a super-complete basis. Then, the following expansion for the distribution function is valid:
where g(r − r 0 , p − p 0 , t) corresponds to a product of Gaussian functions in coordinate and momentum space, centered in r 0 and p 0 respectively, while ω(r 0 , p 0 , 0) represents the corresponding weight in the expansion of g. In our numerical implementation, this expansion is discretized into a sum over a sufficiently large number of Gaussian functions [17, 18] :
Here r i (t) and p i (t) define the centroid positions in coordinates and momentum space of the i-Gaussian function, which corresponds to an individual test particle. N indicates the number of test particles per nucleon. The total number of test particles will be N tot = A·N and its value is limited by the requirement to have a reasonable computational effort. From a comparison with the particle-in-cell (PIC) simulation method employed in plasma dynamics [3] , we observe that while in a present treatment several "test particles" are ascribed to a real particle, in order to obtain a very good spanning of phase-space and reduce the numerical fluctuations, in the PIC approach can be considered "finite size superparticles" which will incorporate several real particles, reducing so the numerical effort, in such a way that charge density, the mass density and the thermal energy density match the same values as those of the real particles and the same long-range behavior as in real plasma is maintained [19] . The Gaussian functions which appear in Eq. (22) are normalized as follows:
so that one has:
Substituting these expressions into the Vlasov equation (Eq. (4)), we find that the centroids of each Gaussian, r i and p i must satisfy Hamilton equations, that is:
More generally, the average value of an arbitrary physical quantity, A(r, p), can be expressed:
where A(r, p) i represents the contribution of an individual Gaussian. This contribution is obtained by the convolution of A with the corresponding Gaussians in coordinate and momentum space:
(29) The method described above can reproduce accurately the equation of state of the nuclear matter as well as the properties of the nuclear surface [20] and the ground state energy for finite nuclei [18] . Here we discuss the predictions concerning the neutron skin of the Sn isotopic chain when a number of 1300 t.p. per nucleon is adopted. From the one-body distribution functions one obtains the local densities: ρ q (r, t) = 2d 3 pf q (r, p, t) as well as the quadratic radii r 2 q = 1 N q r 2 ρ q (r, t)d 3 r and the width of the neutrons skin ∆R np = r 2 n − r 2 p = R n − R p . A possible method to obtain R n and R p is by observing their time evolution after a weak monopolar perturbation. Both quantities perform small oscillations around equilibrium values and we remark that the numerical simulations keep a very good stability of the dynamics for at least 1800f m/c [21] . Using this procedure we obtain for the charge mean square radius of 208 P b a value around R p = 5.45f m, to be compared with the experimental value R p,exp = 5.50f m. Analogously for 124 Sn we obtain R p = 4.59f m while experimentally R p,exp = 4.67f m. For Sn isotopes and asystiff EOS we display the isospin parameter I = N − Z A dependence of ∆R np respectively in Fig. 2. 
Collective dipole response: the emergence of Pygmy Dipole Resonance
We explore in this section, for various nuclear systems, some new the features of the E1 response in the Vlasov approach. We consider a GDR-like initial condition [22] which corresponds to a boost of all neutrons against all protons while keeping the Center of Mass (CM) at rest. This is described by the instantaneous excitation V ext = ηδ(t − t 0 )D at t = t 0 [8] . If |Φ 0 is the state before perturbation then the excited state becomes |Φ(t 0 ) = e iηD |Φ 0 , whereD is the dipole operator. The value of η can be related to the initial expectation value of the collective dipole momentumΠ:
If the collective coordinate which defines the distance between the CM of protons and the CM of neutrons isX, thenΠ is canonically conjugated momentum, i.e. [X,Π] = ih [23] . We determine semi-classically the strength function:
where E n are the excitation energies of the states |n while E 0 is the energy of the ground state |0 = |Φ 0 . In our approach this is obtained from the imaginary part of the Fourier transform of the time-dependent expectation value of the dipole momentum D(t) = N Z A X(t) = Φ(t)|D|Φ(t) extracted from our simulations (see Fig. 3 ). We have:
We consider the initial perturbation along the z-axis and integrate numerically the Vlasov equations (5, 6) until t max = 1830f m/c. η was determined from the numerical value of the collective momentum at t = t 0 = 30f m/c. In order to eliminate the artifacts resulting from a finite time domain analysis of the signal a filtering procedure, as described in [24] , was considered. A smooth cut-off function was can determine the nuclear dipole polarizability: 
considering that < r 2 >= 3 5 R 2 and R = 1.2A . Since ǫ sym , at saturation, has similar values for the three asy-EOS one also expect, in this situation, close values for the polarizability. In Fig. 5 we show the polarizability α D as a function of A 5/3 . The linear correlation is quite well verified. Nevertheless a clear dependence of the slope with asy-EOS is evidenced. This can be related to the surface effects and the interplay between surface and volume symmetry energy, expected to manifest in finite systems [29] and which will be influenced by the symmetry energy slope parameter L.
Returning to the strength function, one can identify the appearance of a resonant response below GDR, more important when the number of neutrons in excess is larger. In the present model the energy centroid is very well described by the parametrization 41A
, in nice agreement with several experimental data. This new mode we associate with Pygmy Dipole Resonance (PDR) and notice that other studies based on Vlasov equations arrived at similar conclusions [22, 23, 25, 30] . Here our purpose is to investigate the dependence of PDR response on the isospin parameter I. We calculate EWSR exhausted by this mode by integrating over the low-energy resonance region:
and plot its dependence on I = N − Z A in Fig. 6 . From our calculations, for Sn isotopes, a quadratic correlation appears to describe quite well the observed dependence of m 1y with the isospin parameter I. We remark that, as in the case of polarization, the linear correlation between m 1,y and I 2 is influenced by the symmetry energy slope parameter L. We can therefore conclude that polarization effects in the isovector density play an important role in the dynamics of Pygmy Dipole Resonance.
The PDR was observed experimentally for several systems [31, 32] and discussed in different theoretical models [33] for various nuclei, including the Sn isotopic chain [34, 35, 36, 37, 38] . Concerning the features of this mode, in literature still exists an intense debate about the collective character of this mode, about the role of symmetry energy as well as about its isovector/isoscalar structure. While the relativistic quasiparticle RPA (RQRPA) [39, 40] provides evidences about collectivity of PDR, from amplitudes and transition matrix elements, the nonrelativistic Hartree-Fock-Bogoliubov treatment within quasiparticlephonon model [41] , assign to the resonant structures noncollective properties. The calculations based on relativistic time-blocking [42] also shows in the dipole spectra of even-even 130 Sn-140 Sn nuclei two well separated collective structures, the lower lying one, having a specific behavior of the transition densities of states, being ascribed to PDR. For 34 M g, from the time-dependent density plots obtained within TDHF calculations with Skyrme interaction, was identified a superimposed surface mode, not fully coupled to the bulk dynamics. This was related to the pygmy-like peak, obtained around 10 MeV, in the dipole response strength [43] .
Conclusions
Summarizing, the main task in this paper was to present new results regarding the collective dipole response in connection with the properties of the symmetry energy below saturation. Our investigation was performed in a microscopic transport model based on a system of two coupled Vlasov equations for protons and neutrons.
For all studied asy-EOS our model predicts that the energy weighted sum-rule exhausted by the Pygmy Dipole Resonance manifests a linear dependence with the square of isospin parameter I = (N − Z)/A, with a slope which is influenced by the variation rate with density of the symmetry energy around saturation. Even if were considered asy-EOS providing similar values of symmetry energy at saturation was also observed that the slope of dipole polarizability as a function of A 5/3 changes with the symmetry energy slope parameter L. We interpret these results as an indication of the surface effects associated to the polarization of isovector density in finite nuclei.
In conclusion, the models based on Vlasov equation prove to be appropriate tools for the study of several aspects of nuclear dynamics, including the development of quite feeble modes as is Pygmy Dipole Resonance, for which provides qualitative insights but also quantitative information regarding its dependence on the symmetry energy or its evolution with the isospin parameter and mass number.
